Abstract: From a one-frame off-axis interferogram with unknown carrier-frequency, a rapid spatial carrier-frequency phase-shifting (SCFPS) method is proposed to achieve the phase measurement of the dynamic process. First, based on the SCFPS technique, four-frame phase-shifting subinterferograms are constructed from one-frame off-axis interferogram. Second, by using the orthogonality of diamond diagonal vectors, respectively, achieved through the subtraction and addition operations between two equal length vectors, which are generated from above four-frame phase-shifting subinterferograms, the accurate phase can be retrieved rapidly. Compared with current SCFPS methods, in addition to maintaining high accuracy of phase-shifting method, as well as no requirement for carrier-frequency calibration, the proposed method reveals an obvious advantage in processing speed of phase retrieval, and this will greatly facilitate its application prospect for dynamic phase measurement.
Introduction
In optical interferometry, the processing speed increasing of phase retrieval is an important topic for its application extension [1] - [3] . Typically, there are two solutions: the single-shot method [4] - [17] and the multi-shot method [18] - [20] . In the multi-shot method, though the measured phase can be retrieved rapidly, the spatial match of employed multi-charge-coupled device (CCD) cameras is still a difficult problem. In single-shot method, a lot of phase retrieval algorithms have been proposed, including the Fourier transform (FT) algorithm [4] , [5] , two-step demodulation algorithm based on high speed camera [6] - [8] , parallel phase-shifting algorithm [9] , and spatial carrier-frequency phase-shifting (SCFPS) algorithm [10] - [17] , but the corresponding condition requirements are relatively high, such as in FT algorithm [4] , [5] , the phase can be achieved through using FT based filter processing, but the corresponding space-bandwidth product of object information is lowered, and the accuracy of phase retrieval is greatly affected by external noise and filtering window. In [6] - [8] , the two-step demodulation algorithms are proposed to achieve phase retrieval rapidly from two-frame phase-shifting interferograms captured by a high speed camera, but these algorithms require rapid phase-shifting device and expensive camera. In parallel phase-shifting algorithm [9] , two-frame interferograms with the phase shifts of π/2 are captured through a special polarization array image sensor, then the phase can be calculated rapidly through using two-step algorithm, however, this method not only reduces the spatial-bandwidth product of measured system, but also needs the expensive polarization array image sensor. In SCFPS algorithm [10] - [17] , several phase-shifting sub-interferograms are constructed from one-frame linear spatial carrierfrequency interferogram (SCFI), in which the carrier-frequency is introduced through adjusting the angle between the object beam and reference beam, and then the phase can be retrieved from those constructed phase-shifting sub-interferograms. In [10] - [12] , the carrier-frequency needs to be calibrated in advance. In [13] , a new SCFPS method with unknown carrier-frequency is proposed, in which the carrier-frequency is introduced along horizontal or vertical direction, and then the phase is achieved through three-step spatial phase-shifting algorithm, but its accuracy is relatively low. Further, the carrier-frequency along both the horizontal direction and vertical direction is introduced. In [14] , a least-square iteration (LSI) based SCFPS named as SCFPS-LSI method is proposed. Though this method reveals high accuracy, but it is very time-consuming due to the LSI operation. To solve this problem, by combining Fourier transform and least-square algorithm (FTLS), a FTLS based SCFPS named as SCFPS-FTLS method is introduced [15] , in which the phase shifts between the constructed phase-shifting sub-interferograms are extracted through using FT algorithm, and then the phase can be calculated with the LSI algorithm. Besides, in [16] , a principal component analysis (PCA) [21] based SCFPS named as SCFPS-PCA method is proposed, in which though the calibration of both the phase-shifts and carrier-frequency are not needed, and the processing time is shortened relative to the SCFPS-FTLS method, but if the carrier-frequency is small, this SCFPS-PCA method cannot work well. Recently, a hybrid phase retrieval algorithm in SCFPS is proposed in [17] , in which the phase shifts of each pixel between constructed phase-shifting sub-interferograms are determined by FT method and a subtraction operation, and then the phase is achieved through LSI algorithm. This method reveals high accuracy in phase retrieval, but the corresponding processing speed is decreased due to three times FT operation.
In this study, by combining SCFPS and the orthogonality of diamond diagonal vectors (DDVs) [22] respectively achieved through performing the subtraction and addition operations between two equal length vectors, which are generated from four-frame phase-shifting sub-interferograms constructed from one-frame linear SCFI, we propose a rapid phase retrieval method named as SCFPS-DDV method to perform the phase measurement of dynamic process. Following, we will introduce the principle of the proposed method, and discuss the influences of spatial carrier-frequency and noise on the accuracy. Additionally, the corresponding simulation and experimental results are presented.
Principle
In general, the intensity distribution of a linear SCFI can be expressed as
where x and y denote the pixel position in the CCD plane (1 ≤ x ≤ N r and 1 ≤ y ≤ N c ); N r and N c are the number of row and column of SCFI, respectively; a(x, y), b(x, y) and ϕ(x, y) represent the background, modulation amplitude and measured phase, respectively; and w x and w y are the spatial carrier-frequency along x and y directions, respectively. According to the sampling theorem of sinusoidal signal, w x and w y should be less than π. Typically, a, b and ϕ are assumed to be the slowly varying signals in SCFI. That is to say, the intensity of four adjacent pixels in SCFI is changed with only the carrier-frequency. Thus, from four adjacent pixels of one-frame SCFI, four-frame phase-shifting sub-interferograms with size of (N r − 1) × (N c − 1) can be constructed
where θ 1 , θ 2 , θ 3 , and θ 4 denote the phase-shifts of four-frame constructed phase-shifting subinterferograms respectively corresponding to 0, w x , w y and w x + w y , in which θ 4 = θ 2 + θ 3 and p (x, y) = w x x + w y y represents the carrier-frequency phase. Following, based on the orthogonality of DDVs, respectively achieved through the subtraction and addition operations between two equallength vectors, which are generated from four-frame constructed sub-interferograms, the measured phase can be retrieved rapidly. First, we rewrite each constructed sub-interferogram as a matrix
, and the intensity of the kth pixel in the constructed subinterferogram can be expressed as
where n = 1, 2, 3, 4.
To remove the background of constructed sub-interferograms, we first calculate the differences between I 1 and I 2 , I 3 , I 4 respectively, and then perform the normalization processing. Thus, we have that
where n = 1, 2, 3, and
Assuming that s = s 1 , and due to the fringe number in interferogram is much more than one, there is the approximation s = s 1 ≈ s 2 ≈ s 3 . Next, we calculate the sum of two vectorsĨ 1 andĨ 2 , and perform the normalization processing. It is found
Thus,Ĩ 1−2,k can be described as Fig. 1(a) shows the geometrical relationship among the normalized vectorsĨ 1 ,Ĩ 2 ,Ĩ 3 andĨ 1−2 . We can see that the length ofĨ 1−2 is the same asĨ 3 . Based on the orthogonality of DDVs, it is found that the diagonal vectorĨ 3 +Ĩ 1−2 is orthogonal toĨ 3 −Ĩ 1−2 , as shown in Fig. 1(b) . Moreover, these two orthogonal DDVs can be, respectively, expressed asĨ
As long as the fringe number in interferogram is more than one, the length ratio of two DDVs can be written as
Thus, the angle betweenĨ 3 andĨ 1−2 can be expressed as θ = 2 arctan (||Ĩ c ||/||Ĩ s ||) = θ 4 /4. Due to θ 4 = w x + w y , which should be less than 2π, and we have that 0 < θ < π/2. It is found that the larger θ, the longer length of vectorĨ c , and then the signal-to-noise ratio ofĨ c is increased in practical measurement. Further, the measured phase can be determined by
where φ k is the wrapped phase with carrier-frequency. Thus, the actual phase can be calculated by
Here, the symbol unwrap denotes a function for phase unwrapping operation.
Simulation and Discussion
Numerical simulations are employed to verify the effectiveness of the proposed method. One-frame SCFI with size of 300 × 300 pixels is generated according to (1), as shown in Fig. 2(a) , in which the parameters are set as following: N r = N c = 300, the pixel length and width are equal to 10 μm;
, as shown in Fig. 2(b) . In addition, the interference pattern is added with the zero-mean Gaussian white noise with the standard deviation of σ = 1. Fig. 2(c) and (d) respectively present the phase achieved with the proposed method and the difference between the theoretical phase and the achieved phase. It is found that the root-mean-square error (RMSE) between the theoretical phase and the achieved phase is equal to 0.023, and the processing time is only 10.7 ms. (All these results are achieved with a 2.3 GHz laptop and Matlab.)
In the following, we discuss the influence of spatial carrier-frequency on the accuracy of phase retrieval, in which the angle between the direction of carrier-frequency and x-axis is changed (there is the relationship w x + w y = π), and a sequence of SCFIs with the same background and modulation amplitude without noise are generated. Fig. 3(a) gives the relationship between the RMSE of phase retrieval with the proposed method and the direction of carrier-frequency, in which the line (1) is achieved with the preset measured phase as shown in Fig. 2(a) , and the line (2) . We can see that in line (1), the proposed SCFPS-DDV method reveals high accuracy even if the direction of carrier-frequency is changed in the range of 25°to 65°, and the smallest RSME appears about the direction of 45°; in line (2), the smallest RSME is observed in the range of 35°to 45°; in line (3), the smallest RSME is observed in the range of 45°to 55°. From these results, it is demonstrated that the best direction of carrier-frequency depends on the gradients of phase variation along x and y axis directions.
Second, we analyze the influence of the frequency of carrier-frequency to the accuracy of phase retrieval: If ϕ(x, y) = 10 exp[−(0.02x − 3) 2 − (0.02y − 3) 2 ] and w x = w y , Fig. 3(b) shows the relationship between the RMSE of phase retrieval with the proposed method and w x expressed the frequency of carrier-frequency in different noise levels. We can see that the smallest RMSE appears at carrier-frequency of 2π/3, and if the frequency of carrier-frequency is changed from 0.3π to 0.8π, the proposed method reveals the better anti-noise performance. In addition, assumed that w x = w y = 2π/3, Fig. 4 gives the relationship between the RMSE of phase retrieval and the noise σ, it is found that using the proposed SCFPS-DDV method, the accuracy of phase retrieval is greatly related with the noise.
Subsequently, Table 1 shows the RMSE, peak to valley error (PVE) and processing time of phase retrieval achieved with the SCFPS-DDV, SCFPS-LSI, SCFPS-FTLS, SCFPS-PCA, FT methods, respectively, in which the results are achieved from the same four-frame phase-shifting sub-interferograms which are constructed from the SCFI as shown in Fig. 2(a) under the noise σ = 1. We can found that though the accuracy of phase retrieval with all these methods is nearly the same, but the processing time with the proposed SCFPS-DDV method (10.7 ms) is greatly less than the other four methods. 
Experimental Results
The performance of the proposed method is also verified by experiment. A Mach-Zehnder interferometry system is built, in which a He-Ne laser with wavelength λ = 632.8 nm and a monochrome CCD with size of 768 × 576 pixels (7.68 mm × 5.76 mm) are utilized as illumination source and interferogram acquisition, respectively; two same micro-objectives with the magnification of 25 × and numerical aperture (NA) of 0.4 are employed in the object beam and reference beam, respectively. Two hot-melted polyethylene pellets are chosen as the measured object, and one-frame SCFI with size of 170 × 210 pixels is captured, as shown in Fig. 5(a) . From four adjacent pixels of SCFI, four-frame phase-shifting sub-interferograms can be constructed through using SCFPS technique. Further, by using the phase shifts extraction algorithm as described in [15] , [23] , we can achieve the spatial carrier-frequency w x = 0.692 rad/pixel and w y = 0.914 rad/pixel, respectively. Fig. 5(b) shows the reference phase achieved with the advanced iterative algorithm (AIA) [24] from 30-frame phase-shifting interferograms with the phase shifts evenly distributed in the range of 0 to 2 π, and Fig. 5(c) shows the phase achieved with the proposed SCFPS-DDV method. Fig. 5(d) presents the difference between the phase achieved with the proposed SCFPS-DDV method and the reference phase. It is found that RMSE of phase retrieval with the proposed method is 0.041 rad, and the corresponding processing time is only 2.9 ms. For comparison, Table 2 gives the RMSE, PVE and processing time of phase retrieval respectively achieved with the proposed SCFPS-DDV, the SCFPS-LSI, SCFPS-FTLS, SCFPS-PCA and FT methods, in which the results are achieved from the same four-frame phase-shifting subinterferograms. Like the simulated results (see Table 1 ), in addition to maintaining high accuracy, the proposed SCFPS-DDV method reveal rapid processing speed relative to the other four methods, indicating that the proposed SCFPS-DDV method is very suitable for phase measurement of dynamic process.
Subsequently, to present the feasibility of dynamic process with the proposed method, we perform the phase measurement of evaporation process of a tiny water droplet, in which the above Mach- Zehnder interferometry system is also utilized, and the only differences are that the magnification and NA of micro-objective are changed as 4 × and 0.1. The experiment is carried out in a closed environment with humidity of 67% and temperature of 20°C; and the sampling interval of CCD is set as 50 ms. Fig. 6 gives the experimental results, in which Fig. 6 (a)-(d) present the four-frame captured interferograms (256 × 256 pixels) of a droplet evaporation at the moments of t = 0 s, 2 s, 4 s, 6 s, respectively. Using the proposed SCFPS-DDV method, Fig. 6 (e)-(h) presented the corresponding phase distributions of Fig. 6(a)-(d) . For being observed directly, the phase variation of evaporation process of a tiny water droplet within 6 s is made into an animation (see Video 1) . These results further demonstrate that the excellent performance of the proposed method SCFPS-DDV method in phase measurement of dynamic process.
Conclusion
In summary, by combining the SCFPS technique and the orthogonality of DDVs, a rapid phase retrieval method is proposed to perform phase measurement of dynamic process. First, we can construct four-frame phase-shifting sub-interferograms from one-frame SCFI through using SCFPS technique. Second, by using the orthogonality of DDVs respectively achieved through the subtraction and addition operations between two equal length vectors, which are generated from above four-frame phase-shifting sub-interferograms, we can retrieve the accurate wrapped phase rapidly. Finally, the actual phase can be achieved through performing the phase unwrapping operation and then the carrier-frequency phase subtraction. In addition, some factors that affected the performance of the proposed SCFPS-DDV method, including the direction and magnitude of carrier-frequency, as well as the noise level, are discussed. Compared with the current SCFPS methods, in addition to no requirement for carrier-frequency calibration, the proposed SCFPS-DDV method reveals obvious advantage in processing speed of phase retrieval. Moreover, using the proposed SCFPS-DDV method, the phase distributions of evaporation process of a tiny water droplet are achieved. Importantly, this proposed SCFPS-DDV method will provide a useful tool for phase measurement of dynamic process.
